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Abstract: Measurement of three dimensional, 
three component velocity fields is central to the 
development of effective micromixers for 
bioassays and lab-on-chip mixing applications. 
We present a hybrid experimental-numerical 
method for the generation of 3D flow 
information from 2D particle image velocimetry 
(PIV) experimental data and finite element 
simulations. An optimization algorithm is 
applied to a theory-based simulation of an 
alternating current electrothermal (ACET) 
micromixer in conjunction with 2D PIV data to 
generate an improved estimation of the 3D 
steady state flow conditions. This 3D data can be 
used to assess the flow conditions and mixing 
phenomena of such devices more accurately than 
would be possible through simulation alone. The 
optimization algorithm reduced the normalized 
root mean square error (NRMSE) between the 
experimental and simulated velocity fields in the 
target region by more than an order of 
magnitude. 
 
Keywords: microfluidics, electrothermal flow, 
optimization, PIV 
 
1. Introduction 
 

Electrokinetic flows produced by alternating 
current (AC) electric fields have been studied 
extensively and have proven to be an effective 
means of driving fluids and particles in 
applications such as mixing, stirring, and 
pumping [1-4]. These AC electrokinetic 
phenomena can be broadly classified into the 
categories of electrothermal effects, 
electroosmosis, and dielectrophoresis (DEP) [2]. 
Fluid motion from electrothermal effects is due 
to the interaction of an electric field with 
thermally induced conductivity and permittivity 
gradients within the fluid. AC electroosmosis 
occurs when the tangential component of an 
electric field interacts with a field-induced 
electric double layer around a solid surface, 
resulting in a net body force on the fluid. 

Dielectrophoretic forces act on particles and 
result from differences in polarizability between 
a particle and fluid medium in the presence of a 
non-uniform electric field [3]. Here we study 
externally induced thermal gradients from Joule 
heating, resulting in fluid circulation due to 
electrothermal and buoyancy forces. 
Dielectrophoretic forces on tracer particles are 
also calculated and included to account for any 
DEP effects, which are most significant for 
particles near the electrodes. The frequencies on 
the order of 1 MHz in our experiments are much 
larger than typical electrode polarization 
frequencies; AC electroosmotic effects are 
negligible because the charge has insufficient 
time to accumulate in the diffuse double layer 
[5]. In our micromixer, configurable 
electrothermal fluid motion is generated by 
applying distinct AC signals to each of 5 
different electrodes. These voltage patterns can 
include different signal phases and be 
periodically switched to induce chaotic mixing, 
but here we study the steady state case [4]. 

Current methods for generating 3D velocity 
fields from PIV experiments require multiple-
camera setups and processing software. These 
3D PIV methods can be challenging to 
implement and can result in lower quality data 
than certain 2D methods. A 3D POD PIV 
algorithm developed by Kauffman et al [6] for 
generating out-of-plane velocity components 
from successive 2D measurements would require 
16 interrogation regions to span the entire 
mixing chamber, each requiring measurements at 
20 different height levels. Such large, data-
intensive experiments can introduce problems 
such as drift from various sources, as well as 
error from stitching the data together. 

Numerical simulation models of ACET flow 
have been developed using finite element 
packages such as COMSOL Multiphysics. For 
this micromixer, a combination of built-in 
physics simulation modules and manually 
programmed partial differential equations were 
used to numerically represent the governing 
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The electrical conductivity and permittivity of 
the aqueous fluid medium were approximated as 
linear, temperature-dependent equations 
described by ߪ௠ = ௠ሺߪ ଴ܶሻ൫1 + ܿఙሺܶ − ଴ܶሻ൯ and ߝ௠ = ௠ሺߝ ଴ܶሻ൫1 + ܿఌሺܶ − ଴ܶሻ൯, respectively, 
where ܿఙ = ଵఙ೘ሺ బ்ሻ ቀడఙ೘డ் ቁቚ బ் ≈ 0.02	℃ିଵ,  ܿఌ = ଵఌ೘ሺ బ்ሻ ቀడఌ೘డ் ቁቚ బ் ≈ −0.004	℃ିଵ, and ଴ܶ is a 

reference temperature [13]. The parameter ܿఙ is 
used in (1) instead of ܿఌ because the charge 
relaxation time for our experiments, given by ߬ = ఌ೘ሺ బ்ሻఙ೘ሺ బ்ሻ, is much less than the period of the 
applied AC signal [7]. 

The net external body forces include the 
time-averaged electrothermal force, the 
buoyancy force, and the dielectrophoretic force. 
The force ࡲ solved for in the Stokes equations 
consists only of the electrothermal force and the 
buoyancy body forces, the equations for which 
are shown in (2); since the dielectrophoretic 
force acts on polarizable particles, this term was 
not used directly in the solution of the Stokes 
equations. Instead, the dielectrophoretic velocity 
was calculated independently with (3) and used 
to correct the numerically solved velocity field to 
account for the presence of DEP forces on tracer 
particles [14]. The dielectrophoretic force is 
proportional to the cube of the particle radius, the 
permittivity of the fluid medium, the gradient of 
the squared RMS electric field, and the real part 
of the complex term in (3), which is the 
Clausius-Mossotti Factor. This term accounts for 
the frequency dependence of the complex 
permittivities of the fluid medium and the tracer 
particles due to field-induced dipoles. The 
complex permittivity equations for the particle 
and fluid medium are given by ߝ௣∗ = ௣ߝ − ݆ ఙ೛ఠ  
and ߝ௙∗ = ௙ߝ − ݆ ఙ೑ఠ   [14]. 

 

൞ࢀࡱࡲ ࡲ = ࢀࡱࡲ	 + =࡮ࡲ ௠ሺܶሻ2ߝ ൤ሺܿఌ − ܿఙሻ൫સܶ ∙ ෩ࡱ෩൯ࡱ − 12 ܿఌસܶหࡱ෩หଶ൨࡮ࡲ = ࢍሺܶሻߩ  (2) 

 

۔ۖەۖ
ࡼࡱࡰࡲۓ = ௣ଷݎ௠ߝߨ2 ቈܴ݁ ቆ ∗௣ߝ − ∗௣ߝ∗௙ߝ + ࡼࡱࡰࢁ෩หଶ቉ࡱ௙∗ቇસหߝ2 = ௠ሺܶሻߤ௣ݎߨ6ࡼࡱࡰࡲ  (3) 

 
 
 

To recreate the experimental conditions more 
accurately in the simulation and achieve better 
results, a Gaussian window function centered at 
the measurement plane was used to account for 
the measurement depth and focus of the camera 
and microscope. The velocity of the fluid at each 
point was multiplied by the Gaussian window 
function, which decreased rapidly in value with 
vertical distance away from the measurement 
plane to represent the out-of-focus particles. The 
resulting velocity field was then linearly 
projected onto the measurement plane to 
simulate the projection of an image taken by a 
camera. Both the width and location of these 
Gaussian functions were used as control 
parameters for the optimization algorithm to 
account for any uncertainty in the measurement 
depth and focal plane location. 

 
 

Figure 3: The modeled ACET mixing device with a 
wireframe rendering and theoretical 3D streamlines 
for the optimized flow conditions. 
 
3.1 Optimization 
 

The optimization algorithm in the numerical 
model calculated the mean square error between 
the PIV velocity measurements and numerically 
simulated velocity field at each point in the 
measurement plane, and normalized the resulting 
values by the velocity magnitude of the PIV 
measurements. These values, which represent the 
square of the normalized RMS velocity error, 
were used as the objective function for 
minimization. The gradient-free Nelder-Mead 
optimization algorithm was chosen to allow for 
the use of geometric control parameters that 
require the re-meshing between successive 
iterations. The equation for the objective 
function is shown below in (4). 
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݁ݒ݅ݐ݆ܾܱܿ݁ = 	∑ 	ሺݑ௉ூ௏ − ெ௢ௗ௘௟ሻଶݑ + ሺݒ௉ூ௏ − ∑ெ௢ௗ௘௟ሻଶݒ 	ሺݑ௉ூ௏ሻଶ + ሺݒ௉ூ௏ሻଶ  (4) 
  

In addition to the location and width of the 
Gaussian window function, the optimization 
control parameters included linear scaling factors 
for the electrothermal, buoyancy, and 
dielectrophoretic forces (ae, ab, adep) as well as 
scaling factors for parameters that are not well 
documented, such as relevant properties of the 
aqueous PBS solution (ߪ௠ሺ ଴ܶሻ, ߤ௠ሺ ଴ܶሻ, ݇௠) and 
the anisotropic thermal conductivities of the FR4 
printed circuit board (akfr4xx, akfr4yy, akfr4zz). 
Since our goal is to generate 3D flow 
measurements for a specific experiment and not 
to create a predictive model for situations 
without experimental data, these material 
properties are not expected to necessarily be 
scaled to match their true values, but rather are 
used as handles to shape the flow to match 
experimental results. The geometrical parameters 
chosen for optimization include scaling factors 
for the center electrode widths and the gap 
between adjacent electrodes (aew, aeg). A 
voltage scaling factor was also introduced to 
account for the difference between the nominally 
applied voltage and measured voltage applied to 
the electrodes. Objective functions from four 
different interrogation regions, two at a height of 
96 µm and two at a height of 148 µm, were 

added together for optimization to ensure 
conditions from throughout the mixer were 
represented in the final solution.  
 
4. Results and Discussion 
 
 Measurement plane velocity fields for the 
central interrogation region for the µPIV data, 
original simulation, and optimized simulation are 
shown in Figure 4. The optimized results match 
the scale and flow direction of the experimental 
data. The optimized velocity field has top left 
and bottom right corner regions of low velocity 
and flow direction reversal that were not present 
in the original simulation results; these regions 
have low in-plane velocities because they 
represent vertical circulation in the fluid. The 
optimization changed the general flow pattern at 
the measurement plane from the original 
simulation, correcting the excessively large 
magnitude in the center depicted in Figure 4 as 
well as removing several horizontal in-plane 
vortices that developed above the electrodes. The 
low in-plane velocity in the optimized results 
shows that the fluid flow between positive and 
negative electrodes is mostly vertical, indicating 
the presence of strong buoyancy and 
electrothermal forces in these regions due to 
localized joule heating of the electrodes.

 

 
Figure 4: (a) The electrode pattern with an overlay of the central interrogation region location, (b) a top view of the 
PIV data from the central interrogation region, (c) COMSOL simulation results of the 2D velocity field at the 
measurement plane for the original estimation of parameters, and (d) optimized COMSOL 2D velocity field at the 
measurement plane. The simulated and optimized velocity field in (d) depicts regions of reversed flow in the top left 
and bottom right corners that are present in the PIV measurements but not in the original simulation; however, the 
locations of these points are slightly offset in the optimized results. The optimized solution also has a much closer 
velocity magnitude to the results in (b). 

PIV 
Data 

Optimized 
Simulation 

Non-Optimized 
Simulation 
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measurements for the central interrogation region 
pre- and post- optimization were 2.62 and 0.166, 
respectively, where NRMSE = ܱܾ݆݁ܿ݁ݒ݅ݐଵ/ଶ. 
These results indicate that the relative error, or 
the velocity error divided by the PIV velocity 
magnitude, for the optimized results is only 
0.166; that is, the optimized velocity RMS error 
is less than 17% of the PIV velocity magnitude, 
compared to an RMS error more than 260% of 
the velocity magnitude for the non-optimized 
solution. Results from other interrogation regions 
showed similar reductions in error, indicating 
that the remaining regions of the velocity field at 
the measurement plane are also an improved fit 
with the experimental results due to continuity 
and the symmetry of the applied voltage pattern. 
 
5. Conclusion 
 

In this paper, we introduced a hybrid 
experimental-numerical optimization technique 
for estimating 3D flow patterns from 2D 
experimental PIV data. The use of this hybrid 
optimization method resulted in greater than an 
order of magnitude reduction in the normalized 
RMS velocity error between the simulation and 
2D PIV experimental results. The optimization 
algorithm altered 3D fluid circulation patterns 
considerably, creating a more accurate 
estimation of the experimental flow field through 
the scaling of several control parameters. This 
method shows promise in developing 
simulations that can more accurately reflect 
experimental conditions, and has potential 
applications in modeling flow measurement 
systems where the dominant physical effects are 
well characterized and understood. 
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