
The Spherical Design Algorithm in the Numerical Simulation
of Fibre-Reinforced Biological Tissues

Melania Carfagna1, Alfio Grillo1

1DISMA G.L.Lagrange Politecnico di Torino

October the 13th, 2016
Comsol Conference - Munich



Articular Cartilage

Living Cells
(proteoglycans,chondrocytes)
constituting the ECM.

Fibres of Collagen statistically
distributed

Fluid (mainly water) passing through
and escaping from the tissue
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Fibres Distribution

Ψ̂(ξ,Θ) =
1
Z(ξ)

exp
(
− [Θ− Q(ξ)]2

2[σ(ξ)]2

)
S2

XB := {M ∈ TXB : ‖M‖ = 1}

M = sin(Θ) cos(Φ)E1 + sin(Θ) sin(Φ)E2 + cos(Θ)E3
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Mechanical Behaviour - Unconfined Compression

 J̇ + Div
(
−K̂(F) Grad p

)
= 0

Div
(
−Jp g−1F−T + P̂sc(F)

)
= 0

K̂(F) = Ki(C, ξ) + α(C, ξ)Ẑ(C)

Z = Ẑ(C) =

∫
S2B

Ψ(M)
M ⊗M

I4(C,M)
.

P̂sc(F) = Pi(F) + FSa

Sa = 2φ1sRc
∫
S2B

Ψ(M)H(I4 − 1)[I4 − 1]A.

in which A = M ⊗M, I4 = C : A. 4 / 14



The Spherical Design Algorithm

Let f be any (scalar, vector, or tensor) function defined over S2B.
Then f (X,M) = f̂ (X,Θ,Φ) with (Θ,Φ) ∈ D = [0, π]× [0, 2π].∫

S2B
f (M) =

∫∫
D

f̂ (Θ,Φ) sin(Θ)dΘdΦ

∫∫
D

f̂ (Θ,Φ) sin(Θ)dΘdΦ ' 4π
N

m∑
i=1

n∑
j=1

f̂ (Xij)

with Xij = (Θi,Φj) ∈ D, with i = 1, . . . ,m and j = 1, . . . , n, N = mn.
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The Proper Choice of the Integration Points

(Z0)11 = (Z0)22 = π

∫ π

0
Ψ̂(ξ,Θ)[sin(Θ)]3dΘ,

(Z0)12 = (Z0)13 = (Z0)23 = 0,

(Z0)33 = 1− 2(Z0)11.
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The Proper Choice of the Integration Points

(Z0)11 = (Z0)22 = π

∫ π

0
Ψ̂(ξ,Θ)[sin(Θ)]3dΘ,

(Z0)12 = (Z0)13 = (Z0)23 = 0,

(Z0)33 = 1− 2(Z0)11.
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Benchmark Tests

w(t) = −0.2L
t
T
.

 J̇ + Div
(
−K̂(F) Grad p

)
= 0

Div
(
−Jp g−1F−T + P̂sc(F)

)
= 0

χ3 = H + w, Q.E3 = 0, ∀X ∈ Γu

− p = 0, P.N = 0, ∀X ∈ Γw

χ3 = 0, Q.(−E3) = 0, ∀X ∈ Γl
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Benchmark Tests

Name Performed integration N

Sim-1 SDA 50 equidistributed
Sim-2 SDA 200 equidistributed
Sim-3 Matlab Integration, external call to Matlab //
Sim-4 SDA 21 Sloane points
Sim-5 SDA 120 Sloane points
Sim-6 SDA 41, (Θ,Φ) ∈ I × J

Θ ∈ I =

{
0,
π

6
,
π

4
,
π

3
,

2π
5
,
π

2

}
,

Φ ∈ J =

{
0,
π

4
,
π

2
,

3π
4
, π,

5π
4
,

3π
2
,

7π
4

}
.
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Results - Radial Permeability
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Sim-1 Sim-2 Sim-4 Sim-5 Sim-6

Comp. Time 5 min 15 s ≈ 40 s 55 s 2 min 20 s ≈ 30 s

Memory [Gb] 2.52 2.54 2.53 1.44 1.21

Sim-3 Computational time: 3 h 40 min
Sim-3 Memory: 2.4 Gb 10 / 14



Results - Axial Permeability
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Results - Stress
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Figure: Radial (left) and Axial (right) stress components related to fibres
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Conclusions

If the quadrature points are properly chosen, an internal implementation of the SDA is in
general preferable to an external Matlab call.

To validate the point set I × J for a more general computational and mathematical setting,
we need to test it on a wider range of benchmark problems and constitutive laws.
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