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Abstract: Cogging torque in permanent magnet
motors and generators is characterized by a torque
ripple that usually pulsates at a characteristically high
angular frequency. Results of finite element (FE)
analyses that show a previously unaddressed lower
frequency cogging torque contribution that is
superimposed on the higher frequency component
was previously presented and analyzed. As cogging
torque is minimized through successful application of
optimization schemes, the relative proportion of the
low-frequency component increases and becomes
substantial. The current paper describes how a
properly chosen skew angle can be used to decrease
the amplitude of the high and/or low frequency
cogging torque components. The approach is further
demonstrated with the help of FE results from
Comsol Multiphysics.
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1. Introduction

Due largely to their high torque-to-current and
torque-to-volume ratios, permanent magnet (PM)
motors and generators are increasingly being used in
a wide range of high performance applications such
as industrial drives, robotics, computer peripherals,
and automotive applications. However, most PM
machines utilize a slotted iron structure with
protruding teeth comprising the stator core that
interacts with the PM poles on the rotor. This
interaction generates a tendency for the rotor to align
at preferential low energy detent positions relative to
the stator slots. This is called cogging torque, and as
the motor rotates, these torque fluctuations cause
vibrations, noise and speed fluctuations. It can be a
vital design consideration for machine startup and
wherever accurate or constant speed motion control is
required.

Cogging torque is proportional to the square of
the magnetic field intensity, and 1is therefore
increasingly problematic as PM's with higher residual
magnetic fields are used. A number of techniques,

supported by analytical and sometimes FE analysis
and experimental results have been proposed and
demonstrated for minimizing cogging torque [1] —
[9]. These include optimizing the teeth width [1, 2,
3, 6], the pole width [2, 3, 4, 6, 7, 8], and the pole-to-
teeth number ratio [2, 5, 6], and pairing teeth and
poles of different widths [1, 2 and 4]. Also discussed
are shaping the magnets [2, 7], notching the teeth [2,
4, 9], skewing the teeth or the poles [2, 4, 5, 7, 9],
shifting the poles [4] and asymmetric motors [2].
Essentially all of these effects can be incorporated
within a Fourier transformed air-gap field energy
formulation described within several of the
references and briefly reviewed below [1, 2, 3, 8].

A low frequency modulation of the cogging torque
ripple, which can be significant, has been observed
and analyzed [11]. The purpose of this paper is to
numerically investigate the effect of skewing on the
low frequency modulation as well as on both
components.  As such, the background on the
cogging torque analysis is reviewed, then the effect
of skewing on both cogging components is
introduced, and then simple integrations of Comsol
FE 2-D results are used to demonstrate the effects of
utilizing different skew angles.

2. Cogging Without Skew

Cogging torque is generated by variations in the
motor’s magnetic field energy as the rotor turns.
Since these energy variations are largely confined to
the airgap and PM fields (i.e. the energy within the
iron cores are typically considered negligible), the
standard approach [1, 2, 3, 8, 11] is to examine the
energy in these fields W, due to the corresponding
flux density distribution B,, and as outlined in [1] and

[2]:
W, = Lngdv (1)
24,

More explicitly, for a radial flux machine with no
skew, and therefore no variation in the axial (i.e. z)
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direction (assuming PM permeability is the same as
for air, and neglecting end effects):

W, (@)= 4L7A<R§ -R)["G* @B @-ari6 D

0

where:

a = rotational angle of the rotor,

0 = angular position around the machine

L = airgap length in axial direction,

For the external rotor machine, R, = Ry; and R; = Rg,
For the internal rotor machine, R, = Rgand R; = Ry,
Ry = PM radius, and Rg = stator radius,

G(0) = relative airgap permeance function (for
instance, a simple functional form is to assume G(9)
is one constant value in the stator shoe areas and a
smaller constant value in the stator slot areas, and
both constant values are less than or equal to one [1,
2]),

Br’Z(G — o) = modified PM remanence flux density
(modified to include fringing field [3])

Cogging torque is given by :

oW, (@)

3
oo ®)

T(x)=-

The standard form of G2(9) (i.e. the form the yields
the high frequency component of cogging torque,
which we shall here define as G, can be expanded
using Fourier series [1,2, 8] as:

G2(8) =[Gy, cOS 1N 8+ G, sin nN ;6]

n=0

“)

Br’Z(G — o)) can be likewise be expanded

B O-a)= ®)

n=0

By, cosnN (6 —a)
+B,,y, sinnN (0 —a)

Ns and Np are the number of slots and the number of
PM’s respectively. For symmetric machines the sin
terms in (4) and (5) are zero. Ultilizing (4) within (2)
yields W(a) :

W, (@) = 4L—A(Rz2 -R) j{ f”Gg(e)B;z(e—a)de (6)

0

Cogging torque can be determined by substituting
the expansions (4) and (5) within (6), and then into
(3) to obtain the cogging torque T, corresponding to
the field energy Wy,

7L,

W (&)=
o) 4u,

(R22 - Rlz)z GanNLBanNL €Os ”NLa
n=0

(N

T ()= ZZA (R; - Rf)z nN,G, B,y SinnN,
0

n=0
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N is the least common multiple of Ng and Np (i.e.
LCM{Ns, Np}).

As shown in [11], (7) and (8) describe only the
high frequency cogging torque component.
Incorporation of the low frequency component
requires starting with a more general form for G*(0)
obtained from a standard evaluation of the magnetic
circuit along the flux path through the stator and rotor
and across the airgap [10]. Such an expression for
the gap flux B, can be written as:

B
B =—F-H——— ©)

& P P,

1+ 44"
P B
where,

P, = PM permeance
P..; = magnet leakage permeance
P, = airgap permeance

P, is associated with flux that leaks between
adjacent magnets without going through the stator,
and is modulated by the presence of the stator slots
across the airgap. Only a fraction of the leakage flux
AP, will vary with position relative to the slots, and
together with a steady baseline value P, comprise
P (i.e. Py=Pniot+ AP.). This is used within (9) to
obtain:

Bi O,a) = Bj(a— a)G(Z) 9)— Bj(a— a)Gf(e)

(10)
=Bf(9—a)G2(9)
where,
G (0)= 8AL,(0) G (6 (1n
8
and,
P +4P, )
+
Gy =| 14—t (12)



As a specific example, consider the PM machine
shown in Fig. 1 with Ng =7 and Np = 9. The magnet
leakage flux varies over the nine magnets within the
modeled quadrant. The quadrant constitutes the
primary cell for this machine, so the leakage flux
pattern must repeat within the next quadrant. Also,
since it is the presence of the stator that generates the
leakage flux variation, the leakage flux is a periodic
function of 6 with a fundamental period that is one
quadrant long.

Fig 1. B-Field results from model of 7-Phase PM
machine.

Since the period of AP, (which must be the same
as that of the leakage flux) must be an integral
multiple of the period of G’ the periodicity of G,” is
determined by that of AP, (i.e. the longest period).
Substituting (10) into (1) yields:

1
—L,(R;=R))

W, (@) =W, () —| o
"G 0B O-ara6

(3)

W, () =W,o(@)- W, (@)

Similar to (4), we expand G12:

Gl @)=Y [G’ . cosnN 6 +G, . sinnN 6]
n=0
(14)
where,
N¢ = GCF{Np, N5} = number of primary cells (in
this case 4)
GCF = Greatest Common Factor

Similar to (7), substitution into (13) yields:

ﬂl = ’
. (1?5 - Ief ):E: (;anAUDlganNP C()SIII\]PCX

W () =
gl( ) 4/”0 n=0

(15)
By definition, Np = LCM{N¢, Np}.

Substitution of (13) with (15) into (3) gives the
total torque:

T(o) = To(o) + T1 (@)
where,

aL S , .
T, (o) = _ﬁ (R} =R})D_nN,G,\pB,pSinAN 0
0 n=0

(16)

2. Cogging With Skew

For skewing of the stator teeth and slots, Gy’ in (4)
(as described in [2]) and G,* in (14) for symmetric
machines, become respectively:

G;(0,z) = ZGMNS cos nNSLG— % zj (17
n=0 Z‘A
and

G(0,2)= Y G' . cOS nNC(H— Z ZJ (18)
n=0 A

a, is the skew angle.

For skewing of the PM's, B, %0 — o) in (5) for
symmetric machines, becomes:

B?(6-a,z)=) B,,,cosnN,(0+ Z“ z—a) (19)
n=0

A

Similar cogging torques are obtained with either a
skewed stator (i.e. (17) and (18)) or a skewed rotor
(19). Inserting (19) into (10), and (10) into (1) gives,
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(20)
The dz integral gives:
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The first and second terms in the summation are the
high and low frequency contributions respectively.
Using (3), the torque is:

T(a) = L,

(R22 - R12)

0™"s

)
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Equation (22) shows that for either the high or the
low frequency components, there is no cogging
torque of that component when the skew angle is an
integer multiple of the corresponding fundamental
cogging torque period (i.e. for n = 1). Moreover,
both high and low frequency components will
disappear if o, is an integer multiple of the
fundamental low frequency period since by
definition, Np is an integer multiple of Ny. i.e.:

T(a) = 0 for oy = 2mn/Np

It may be easier to manufacture the rotor with skew
arranged in discrete steps as shown in Fig. 2, which
show the stepped PM's. To illustrate the differences
between this and a continuous skew, the cogging
torque of a FE model similar to that shown in Fig. 1
was calculated with Comsol Multiphysics AC/DC
Module, and the effect of skew approximated by
utilizing (20) within (3), and replacing the dz integral

in (20) with k discrete sums, where k represents the
number of discrete levels in a stack of PM's, where
each level is shifted relative to the next. For instance,
in Fig. 2, k = 2, and the step angle is half the skew
angle (as dictated by the summation in (20)). The
results are shown in Fig.'s 3 and 4. Fig. 3 shows the
result of skew for k = 12, which is essentially a
continuous skew. HFSkewC has o, = 2n/N;, which
as expected almost eliminates the high frequency
cogging component, but not the low frequency
component. LFSkewC has oy = 2n/Np, which
essentially eliminates both cogging components.

Fig. 4 shows the result of skew for k = 2, which is the
case shown in Fig. 2. HFSkewD has a step angle of
mn/N;, which greatly reduces the high frequency
cogging component, but not the low frequency
component, and LESkewD has a step angle of mn/Np,
which does reduce both components. The stepped
k=2 high frequency skew (i.e. HFSkewD) is almost
as effective as the corresponding continuous skew.

Fig. 2. Rotor showing a two level stack of PM's (i.e.
k=2) with the levels offset by a step angle of half of
what the skew angle would be.
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Fig. 3. LFSkewC has o, = 2n/Np, and HFSkewC has
o, = 27/N,
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Fig. 4. Both skews are stepped with k = 2 as shown
in Fig. 2. The step angle for LESkewD is n/Np, and
that for HFSkewD is /Ny

3. Use of COMSOL Multiphysics

The problem modeled in COMSOL is similar to a
combination of two examples from the AC/DC
Model Library: the Generator in 2D, and the
Generator with Mechanical Dynamics and Symmetry;
therefore, the governing E-M equation is the same
quasi-static approximation used in those models.
Only 1/4"™ of the generator is modeled; the boundary
conditions are the same as that of the latter model.
However, a prescribed rotation exactly as described
in the former model was used.

4. Conclusion

Skew was incorporated within a formulation used
to describe both the high and the low frequency
components of cogging torque in PM machines, and
showed that for either the high or the low frequency
components, there is no cogging torque of that
component when the skew angle is an integer
multiple of the corresponding fundamental cogging
torque period (i.e. for n = 1). Moreover, both high
and low frequency components will disappear if the
skew angle is an integer multiple of the fundamental
low frequency period.

The effect of various types of skew on both high and
low frequency cogging torque components was
numerically characterized, and the ability to
simultaneously eliminate both high and low
frequency cogging torque components demonstrated.
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